A gauge independent method of obtaining the reduced space constrained dynamics is discussed in a purely Hamiltonian formalism. Three examples are studied.
Introduction
One of the important aspects of the Hamiltonian formulation of gauge theories is to obtain the reduced (physical) space comprising the total canonical variables. This is usually done by fixing a gauge that removes the unphysical degrees of freedom [3, 10] .
Fixing a gauge is not always an easy task, especially when first-class constraints arise, which are generators of gauge transformations, this will lead to the gauge freedom. In other words, the equations of motion are still degenerate and depend on the functional arbitrariness. We have to impose external gauge fixing constraint for each first-class constraint.
To avoid the ambiguities and arbitrariness inherent in the gauge fixing produced, it becomes desirable to abstract the reduced space in a gauge independent manner. Recently, the Hamilton-Jacobi approach [8, 9, 12, 13, 15] has been developed to investigate singular systems. In this method, the equations of motion are obtained as total differential equations in many variables. If the system is integrable then we can obtain directly the canonical reduced phase-space coordinates. The advantages using the Hamilton-Jacobi is that we have no difference between firstand second-class constraints and we do not need gauge fixing term because the gauge variables are separated in the process of constructing an integrable system of total differential equations.
On the other hand, there are approaches other than gauge fixing. For instance, the method of Faddeev and Jackiw [4] and Jackiw [11] is to attempt to reduce the system to its physical degrees of freedom by a process of directly substituting the constraints into the canonical Lagrangian. Besides, Banerjee [1, 2] has developed a purely Lagrangian approach of systematically reducing the degrees of freedom in a gauge independent manner. The physical Hamiltonian is then obtained directly from this reduced Lagrangian.
In this paper, the Hamilton-Jacobi treatment for three singular systems will be discussed to obtain the reduced phase space dynamics in a gauge independent manner.
Lagrangian and Hamiltonian approaches
In this section, we briefly review the Lagrangian and the Hamiltonian formulations for studying the constrained systems.
Lagrangian approach
Recently, Banerjee [1, 2] has developed a purely Lagrangian approach to obtain the reduced degree of freedom in a gauge independent manner. Now, we give a brief review of his method.
From the theory of unsolvable differential equations with respect to the highest derivatives, it is possible to express the Lagrangian equations of second-order systems with variables v by an equivalent set of independent equations [1, 2] ,
where v = (p, q, r, β), Θ, Φ, Ψ are some functions of the indicated arguments and an overdot denotes a time derivative. In a nonsingular theory, q, r, β are absent so that there are unconstrained dynamics withp = Θ(p,ṗ). For singular theories, (2.2) and (2.3) represent the constraints. The idea is now to pass from the constrained v = (p, q, r, β) to the unconstrained v = p by removing q, r, β. The variable r is trivially eliminated in favour of p, q, β using (2.3). In the physically interesting gauge systems, the constraints are implemented by a Lagrange multiplier whose time derivative, therefore, does not appear in the Lagrangian. This multiplier is identified with q, which can thus be removed in favour of p, β using (2.2). The Lagrangian in the reduced sector is now a function of (v,v; v = p, β). By evaluating the Lagrange equations in this sector, it is possible to identify β with the variable that does not occur in these equations. With this identification the variable β, which reflects the degeneracy in the system, automatically drops out from the Lagrangian and its final unconstrained form is obtained. The physical Hamiltonian is now found by performing the standard Legendre transformation without using any gauge fixing conditions.
The Hamilton-Jacobi approach
The starting point of the Hamilton-Jacobi method [8, 9, 12, 13, 15] 
n, with the Hessian matrix
of rank (n − r), r < n. Then r momenta are dependent. The generalized momenta p i corresponding to the generalized coordinates q i are defined as
where q i are divided into two sets, q a and x µ . Since the rank of the Hessian matrix is (n − r), we solve (2.5) forq a aṡ
Substituting (2.7) into (2.6), we get
The canonical Hamiltonian H 0 reads
The set of Hamilton-Jacobi partial differential equations (HJPDE) is expressed as
10)
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we define p β = ∂S[q a ; x α ]/∂x β , and p a = ∂S[q a ; x α ]/∂q a with x 0 = t and S being the action. The equations of motion are obtained as total differential equations in many variables as follows [8, 9] :
13)
where z = S(x α ; q a ). These equations are integrable if and only if [12, 13] 
If conditions (2.14) are not satisfied identically, we consider them as new constraints and again consider their variations. Thus, repeating this procedure, we may obtain a set of constraints such that all the variations vanish. Simultaneous solutions of canonical equations with all these constraints produce the set of canonical phase space coordinates (q a , p a ) as functions of x α ; the canonical action integral is obtained in terms of the canonical coordinates. The Hamiltonian H α can be interpreted as the infinitesimal generators of canonical transformations given by parameters x α , respectively.
Examples
To illustrate the above ideas given in Section 2, we will solve three singular systems by the Lagrangian method [1, 2] , and then by the HamiltonJacobi method [8, 9, 12, 13, 15] .
The Christ-Lee model
As a first example, consider the motion of a particle in two-dimensional space whose dynamics are governed by the Lagrangian [7, 14] L(x i ,ẋ i , q) = 1 2ẋ 
To obtain the reduced Lagrangian, the coordinate q is now eliminated from (3.1) using (3.2) to yield
Introducing the polar decomposition
we obtain the unconstrained Lagrangian
in terms of the physical variable ρ. The reduced Hamiltonian is calculated as
where π ρ =ρ is the momenta conjugated to ρ. We next consider the Hamilton-Jacobi [8, 9, 12, 13, 15] treatment of the Christ-Lee model. The generalized momenta read as
Since the rank of the Hessian is two, we have only one primary constraint as
The canonical Hamiltonian reads
Following the Hamilton-Jacobi method, we obtain the set of HJPDE as
leads to the constraint
The total variation of H 1 is identically zero and no further constraints arise. Hence, we obtain the canonical Hamiltonian as
Now making use of the following canonical transformations [1, 2, 7, 14]:
14)
and taking into account constraint (3.12), we obtain the canonical reduced Hamiltonian,
The equivalence between (3.15) and (3.6) shows the gauge independent way of obtaining the reduced Hamiltonian in terms of the physical phase space (ρ, π ρ ).
The corresponding action integral has the following form:
The extended Christ-Lee model
As a second example, we investigate the extended Christ-Lee model [5] , which is an extension of model (3.1), where we introduce a third Cartesian coordinate z, such that the new Lagrangian reads [2, 5]
17) where g > 0 is a coupling parameter.
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As in the previous example, we obtain the reduced Hamiltonian for the model (3.17) using first the Lagrangian approach and then the Hamilton-Jacobi approach.
The Lagrangian equations of motion read as
Equation (3.19) can be solved to obtain
.
(3.20)
Eliminating q from the Lagrangian (3.17) using (3.20) and the polar decomposition (3.4), we obtain the reduced Lagrangian [2]
In order to obtain the reduced Hamiltonian, we introduce the new variable Φ = φ − gz, (3.22) in this case the reduced Lagrangian is obtained in terms of the unconstrained variables as
Now the canonically conjugated momenta are given by
The reduced Hamiltonian is obtained in terms of the canonical variables (ρ, π ρ ) and (Φ, π Φ ) as
We now follow the Hamilton-Jacobi method [8, 9, 12, 13, 15] to investigate the extended Christ-Lee model. The set of Hamilton-Jacobi partial differential equations is given by
where H 0 is given by
Imposing the integrability condition,
we obtain the constraint
The total variation of H 1 is identically zero and no further constraints arise. Making use of (3.29), the canonical reduced Hamiltonian is given by
(3.30) We should notice the equivalence of this Hamiltonian, modulo canonical transformations, with expression (3.25). These transformations are given by [1, 2, 14]
Again, the equivalence between (3.30) and (3.25) shows the gauge independent way of obtaining the reduced Hamiltonian in terms of the canonical phase space (ρ, π ρ ) and (Φ, π Φ ). Now, the action integral is calculated by making use of (2.13), (3.30), and (3.31) as follows:
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Electromagnetic theory
As a third example, we consider the free electromagnetic theory as a constrained system. The Lagrangian density is given by
We discuss the Lagrangian treatment of this model. The equations of motion are
For ν = 0, we have the constraint
The multiplier A 0 can be eliminated in favour of the other variables by solving constraint (3.35). Using this, we express (3.33) in terms of the reduced variables. The Lagrange equations in these variables are
Now choosing the orthogonal polarization:
the reduced Lagrangian is obtained as
Denoting the independent components of A T i by a I (I = 1, 2);
the Lagrangian (3.33) is expressed in terms of independent variables a I . Taking the Legendre transformation of this Lagrangian, we obtain the reduced Hamiltonian,
Now, we would like to investigate the electromagnetic theory of Maxwell using the Hamilton-Jacobi method. The momenta conjugated to the field A µ are
Therefore,
is the primary constraint. The canonical Hamiltonian H 0 is expressed as
Starting from this Hamiltonian and making use of (2.11), the set of Hamilton-Jacobi partial differential equations reads as
(3.44)
Imposing dπ 0 = 0, we obtain the constraint
The total variation of constraint (3.45) is identically zero and no further constraints arise. Making use of the following transformations [1, 6] :
46)
and using constraint (3.45), the Hamiltonian H 0 gets further reduced to 
The canonical action integral is calculated as
Conclusion
In this work, we have investigated three constrained systems using the Hamilton-Jacobi approach [8, 9, 12, 13, 15] . In this approach, the equations of motion are obtained as total differential equations in many variables. If the system is integrable, then we can obtain the canonical reduced Hamiltonian in terms of the canonical physical variables without using any gauge fixing condition.
In the Christ-Lee model (3.1), using suitable canonical transformations (3.14) and taking into account the integrability conditions, we obtain the reduced Hamiltonian in terms of canonical physical variables (ρ, π ρ ) without using any gauge fixing conditions. The second example is an extension of the Christ-Lee model. Again, using the canonical transformations and taking into account the integrability conditions we determine the physical Hamiltonian in a gauge independent manner.
The third example is the electromagnetic theory of Maxwell, which is an instructive example of singular continuous systems. This theory is invariant under gauge transformations of the second kind, that is,
where F is an arbitrary function. Therefore, the nonobservable quantity A µ is not unique. The Hamilton-Jacobi method is used to reduce the degrees of freedom and to obtain the physical Hamiltonian for this system without using any gauge fixing condition. For the three examples, the results obtained using the HamiltonJacobi method are in complete agreement with those obtained by the Lagrangian method [1, 2] .
